We show that gravitational lensing can provide a direct method to probe the nature of dark energy at astrophysical scales. For lensing system as an isolated astrophysical object, we derive the dark energy contribution to gravitational potential as a repulsive power-law term, containing a generic equation of state parameter w . We find that it generates wdependent and position-dependent modification to the conventional light orbital equation of w = −1 . With post-Newtonian approximation, we compute its direct effect for an isolated lensing system at astrophysical scales and find that the dark energy force can deflect the path of incident light rays. We demonstrate that the dark-energy-induced deflection angle
Introduction
The discovery of cosmic acceleration has pointed to the mysterious dark energy, which composes about 69% of the total energy density of the present universe [1] and remains one of the greatest puzzles of modern science. To unravel the mystery of dark energy faces two challenges: one is to find out direct observational evidence of dark energy [2] , and another is to identify the right theory for describing the dark energy [3] .
The current dark energy detections [2] are mostly indirect, taking the form of large astronomical surveys and including such as the CMB measurements of WMAP and Planck, the Type-Ia Supernovae, the Baryon Acoustic Oscillations, the Gravitational Lensing, the Clusters of Galaxies, and so on. One of these approaches is the gravitational lensing [4] , which has become an important method to probe both the dark matter and dark energy [5, 6] since its observation in 1979 [7] . So far the gravitational lensing analyses are through the indirect probe of dark energy, where the dark energy effect is indirectly included via the scale factor a(t) defined under Friedmann-Lemaitre-Robertson-Walker (FLRW) metric and the matter contribution is treated as perturbation. Because the CMB measurements [1] at cosmological scale show that the FLRW spacetime is nearly flat (with spatial curvature K 0) and the matter perturbation only generates Newtonian deflection, the conventional lensing analyses find no measurable direct effect of dark energy, as is obvious. But, for most of the gravitational lensings at the (shorter) astrophysical scales (such as the scales of galaxies and galaxy clusters), the cosmological expansion factor a(t) is nearly constant, and the dark energy effect should be best included via its direct contribution to the gravitational potential as a repulsive force in parallel to the matter contribution. This can be derived under the Schwarzschild-de Sitter spacetime with a generic equation of state parameter w (denoted as SdSw metric), and we solve Einstein equation for the isolated lensing system in the SdSw spacetime (Appendix A.1).
In this work, we study the direct probe of dark energy through the gravitational lensing at astrophysical scales. We will establish a setup to define the astrophysical-scale gravitational lens as an isolated system with an effective radius r eff (characetrized by its critical radius r cri at which the dark energy repulsive force just cancels the attractive Newtonian force of matter). For such a lensing system, we use the post-Newtonian approximation to derive the general gravitational potential including both the Newtonian term and the dark energy term (with a generic equation of state parameter w ) in the SdSw spacetime. Inside this system, we demonstrate that the dark energy force directly contributes to the lensing effect together with the Newtonian force. For the case of a single lensing, in the regions outside this isolated lensing system ( r 3 r 3 eff ∼ r 3 cri ), the Newtonian potential becomes negligible and the spacetime conformally recovers the FLRW metric with vanishing spatial curvature K = 0 , which is conformally flat and thus will not change the deflection angle of the light ray.
We will further demonstrate that the dark-energy-induced deflection angle ∆α DE ∝ M (1+ 1 3w
) (with 1 + 1 3w > 0 ), which increases with the lensing mass M and consistently approaches zero under the limit M → 0 . This effect is distinctive because dark energy tends to diffuse the rays and generates concave lensing effect, contrary to the conventional convex lensing effect caused by both visible and dark matter. Measuring such concave lensing effect can directly probe the existence and nature of dark energy. We will estimate this effect and show that the current gravitational lensing experiments are sensitive to the direct probe of dark energy at astrophysical scales. We also note that for the special case w = −1, our independent study favors the previous works of Ishak and collaborators [8] [9] that the cosmological constant can affect light bending. But our predictions qualitatively and quantitatively differ from the literature [8] , including our consistent realization of ∆α DE → 0 (under M→ 0) at the leading order.
This work is organized as follows. In section 2, we introduce the dark energy potential with a generic equation of state parameter w , for an isolated astrophysical system. In section 3, we analyze the dark energy lensing effect, and demonstrate that it acts as a concave lensing, in contrast with the conventional convex lensing effect caused by both visible and dark matter. In section 4, we estimate the dark energy lensing effect, and show that the current gravitational lensing experiments are sensitive to the direct probe of dark energy.
In section 5, for the lensing system with a point-like spherical mass-distribution, we derive a new orbital equation of light rays for a generic state parameter w . It generates w-dependent and position-dependent modification to the conventional light orbital equation of w = −1 .
We will conclude in section 6. In Appendix A, we derive the general dark energy potential used in the main text and discuss its connection with the typical dark energy models. We also clarify the difference of our independent approach from the previous studies of the cosmological constant case (w = −1) [8] at the end of Appendix A. 4 . In Appendix B, we derive the light orbital equation in the SdSw spacetime. Finally, Appendix C presents two related analyses within and outside the lensing system.
Gravitational Potential Including Dark Energy
In the conventional analysis of gravitational lensing, the gravitational potential is entirely determined by matter (including visible matter and dark matter). But we note that dark energy can directly modify the form of gravitational potential at astrophysical scales. This gives rise to a correction term ∆Φ in the gravitational potential, and should be included to directly describe the gravitational lensing effects. Following Ref. [10] , we can write the metric of an isolated astrophysical system, under the post-Newtonian approximation,
where Φ = Φ N +∆Φ is the gravitational potential, containing the conventional Newtonian potential Φ N and the correction term ∆Φ = Φ DE as induced by dark energy. For the postNewtonian region within the effective radius ( r < r eff ∼ r cri ), the metric (2.1) holds well and the dark energy contributaion Φ DE behaves as an effective potential (cf. Appendix A.1).
As we show in Eqs.(A.17) and (A.19) of Appendix A.1, for such an isolated astrophysical system, the dark energy contribution Φ DE to the gravitational potential Φ is unavoidable, and must be included together with the matter contribution Φ N . Hence, we can study the direct contribution of Φ DE to the gravitational lensing at astrophysical scales.
In the spherical coordinate system, we locate the center of mass M at the origin and adopt the geometrized unit system (G = h = c = 1). Then, we can solve Einstein equation exactly in Appendix A.1 and obtain the complete potential form,
where the Newtonian term Φ N = −M/r holds for a point-like mass M or for regions outside a spherically symmetric mass-distribution. For a general case of a mass-density ρ(r) distributed over a space region Ω, the total mass is M = Ω d 3 r ρ(r ) , and the Newtonian potential is
2), the constant w is the equation of state parameter of dark energy and is given by w = p/ρ as the ratio between the pressure p and energy density ρ . The parameter r o of Φ DE characterizes the size of the present universe and will be given in each dark energy model when comparing with the cosmological data.
Eq.(2.2) shows that the dark energy induced correction term Φ DE takes a modelindependent form. It can describe the equation of state for different dark energy models [11] : w = −1 for the cosmological constant dominated state, −1 < w < − 1 3 for the quitessence dominated state, and w < −1 for the phantom dominated state. For the cosmological constant model of dark energy, the dark energy induced gravitational potential takes the form, 2 with r o = 6/Λ , which will be discussed in Appendix-A.4.
Direct Dark Energy Effect in Gravitational Lensing
After including the direct correction of dark energy to the Newtonian potential, the metric takes the form of Eq. Thus, under linear approximation, we deduce from Eq. (2.1),
In the space with gravitational field, a photon propagates precisely as if there is no gravitational field, but the space is filled with refractive medium. From Eq.(3.1), we deduce the refractive index n = n(x, y, z) ,
where n M is the conventional matter contribution, and ∆n DE is the dark energy induced correction term,
In Fig. 1 , the red curve shows that the trajectory of a ray 1 from source to observer is bent. In the post-Newtonian region, we locate the source at point S and the observer at point O, while the center of mass M sits at the origin C. The ray propagates through the Figure 1 . Convex gravitational lensing. The red curve represents the projected trajectory of a ray in the x-z plane, which is deflected by the gravitational field of matter. The α denotes the angle between the directions of the ray at the point S and at the point O. The incident angle at S is θ S , and the outgoing angle at O is θ O . The center of mass M sits at the point C .
deflecting region between the two points S and O . Under the weak field approximation, it is reasonable to consider the potential Φ 1 , and thus we have n 1 at the S and O points. Let us orient the coordinate system such that the straight line −→ SO is parallel to the z-axis, and assign one of its vertical directions as the x-axis. The Fermat's principle demands [13] [14],
In the post-Newtonian region, we have 2 Φ 1 , and thus n S n O 1 . Thus, the lefthand-side (LHS) of Eq.(3.4) can be replaced by the sum of the two Euclidean geometry angles,
The Euclidean angles are connected to the measurable angles (θ S , θ O ) via relation [12] , tan(θ I ) = √ 1+2Φ tan(θ E I ) where I = S, O, and θ S ( θ O ) denotes the physical incident (outgoing) angle as shown in Fig. 1 . Since Φ 1 ,
we thus expand this relation and deduce θ E I θ I . Then, the LHS of Eq.(3.4) can be further
The deflection angle α is the difference between the directions of the incident ray at the point S and the outgoing ray at the point O , α = θ O − θ S , with ( θ S , θ O , α) defined as In general, for any similar plane, by substituting Eq.(3.5) into Eq.(3.4), we have 6) where ∇ ⊥ denotes the projection of derivative ∇ onto the plane perpendicular to the ray's path .
Consider the matter part having mass M with its mass density ρ(x) distributed over a space region Ω(x c ), where x c is the position of its center of mass. Thus, the total mass of
. With this, we may express the Newtonian potential Φ N as
where the size of space Ω(x c ) is taken to be much smaller than |x − x c |, and thus |x − x | |x − x c | . Under the Newtonian potential Φ N , the deflection angle α M of rays is determined by the matter contribution,
The minus sign in front of Eq.(3.8) is notable, and means that the deflecting direction is opposite to (x − x c ) ⊥ . Hence, the Newtonian potential tends to trap light rays. This shows that the Newtonian gravitational potential behaves as a convex lens. Figure 2 illustrates a case where a ray passes through a region within which the dark energy may dominate over the matter. Here, the circle region defines this lensing as an isolated gravitational system (within which the tidal effect from any other gravitational system can be ignored). The circle has its center located at the center of mass of the matter Figure 3 . Gravitational lensing, including both contributions by the dark energy and matter. The red curve represents the path of a ray. The green curve stands for the matter contribution alone, and the blue curve illustrates the dark energy contribution alone. The yellow region between the red and green curves shows the deflection effect of the dark energy in the combined path.
(C), and has an effective radius r eff which is characetrized by the critical radius r cri (at which the dark energy repulsive force just cancels the attractive Newtonian force, cf. Sec. 4).
The lensing parameter b is the shortest distance between the incident ray's path AB and the point C. For a given dark energy potential, denote its center by x c , which coincides with the center of mass (C). From Eq.(2.2), we express the generic dark energy potential as
Thus, we have
Substituting this formula into Eq.(3.6), we derive the dark energy contribution to the deflection angle,
This deflection angle ∆ α DE is induced by the dark energy potential (3.9) alone. Note that the coefficient of Eq.(3.10) is positive due to −(3w + 1) > 0 , as required by the accelerated expansion of the Universe [15] . This shows that dark energy deflects rays in the same direction as (x − x c ) ⊥ . Hence, the dark energy potential tends to diffuse the rays and behaves as a concave lens.
In Fig. 3 , we illustrate that gravitational lensing measures the combined effect of two forces: the attractive force induced by matter and the repulsive force induced by dark energy.
The deflection angle is co-determined by these two forces with opposite effects,
For the projections onto any given x axis, we have sign(∆α 12) which means that the rays are deflected by matter and dark energy in the opposite directions.
The dark energy always acts as a concave lens and diffuses the rays, while the matter behaves as a convex lens and attracts the rays. Fig. 3 shows that the Newtonian potential of matter acts as a convex lens and deflects the incident ray along the green curve. On the other hand, the dark energy potential will diffuse the ray along the blue curve. The combined effect is to deflect the ray along the path of the red curve. The net effect induced by dark energy is the shift region (marked in yellow color) between the red curve and the green curve. Measuring this effect can provide a direct evidence for dark energy.
The deflection angle in Eq. Before concluding this section, we comment on the special limit M → 0 . In this limit, the lensing setup is removed, while the dark energy remains everywhere in the Universe. So Hence, no deflection on this ray could be generated according to the definition (3.6), and we can directly infer the deflection angle from Eqs.(3.8) and (3.10), α M = ∆ α DE = 0 . This shows that the current formulation is fully consistent.
Probing Concave Lensing of Dark Energy
When a ray passes through the deflection region, the gravitational field can bend the ray by a small deflection angle. The ray's path over the deflection region may be approximated by a straight line segment AB , as in Fig. 2 . For convenience, we choose a new coordinate system in Fig. 2 , where the z-axis is parallel to the straight line AB . Here we only show the lensing effect for dark energy. In this coordinate system, the point on the line segment AB is denoted as z = z( ). From Eq.(3.10), we have
To simplify the analysis, we assume that the deflector is an isolated and spherical system, in which all the matter can be approximated as a spherically symmetric mass-distribution with total mass M . The gravitational potential is described by Eq.(2.2). The recent combination of BAO, SN and CMB data gives [15] , w = −0.97 ± 0.05 for wCDM (constant w with a flat universe), which is fairly close to w = −1 and leads to 3w + 1 < 0 at 12.7σ level and 3w + 2 < 0 at 6.1σ level. 
at which the dark energy force balances the Newtonian attraction. For the special case of
2) reduces to r cri = (3M /Λ) 1/3 , which coincides with [18] .
In the region r r cri , the gravitational force is dominated by the Newtonian attraction of matter. In the region with r > r cri , the repulsive dark energy force will dominate over the Newtonian attraction. The post-Newtonian approximation holds well for r r cri . The weak field approximation requires the effective radius r eff r o . Also, the size of r eff is properly chosen to avoid tidal effect from any other gravitational object, so that the lensing system behaves as an isolated system. To have nonnegligible dark energy effect on the lensing, we consider r eff around the same order of r cri , i.e., the ratio n eff ≡ r eff /r cri = O(1) . In the region with r cri r r eff , one may still make estimates under the post-Newtonian approximation.
The spacetime region r r eff of this isolated astrophysical system can be smoothly embedded into a nearly flat FLRW universe (r > r eff ) [19] [20] . Thus, we require that the matter density of such an isolated lensing system equals the averaged matter density ρ M at cosmological scales from the CMB measurements. This will also ensure the Einstein equation
to hold across the boundary ( r = r eff ) [19] [20] . Hence, we have the matching condition
3)
where we have [1] ,
3) and (4.2), we derive
We may give an explicit estimate on the size of the effective radius r eff . For the case of the cosmological constant as dark energy (w = −1), we derive the dark energy density ρ DE = ρ Λ as follows,
Thus, using Eqs.(4.4)-(4.5) with w = −1 , we can estimate the size of r eff in terms of the critical radius r cri , 6) and n eff = r eff /r cri 1.7 = O(1), as expected. This is a fairly reasonable estimate. The effective radius r eff may serve to characterize the transition scale between the Schwarzschildde Sitter (SdS) spacetime inside the deflection region ( r r eff ) and the FLRW spacetime beyond the lensing system ( r > r eff ). We will further discuss the embedding of the isolated lensing system into the flat FLRW spacetime in Appendices A.4 and C.2.
According to Fig. 2 , we can express the lensing parameters (a, b) as, a = r eff sin θ c and 
where θ c = arctan(a/b) < π 2 . Along the same path, from Eq.(3.8), we compute the size of matter-induced deflection angle α M = | α M | as follows,
For the special case of fixing b (= r eff cos θ c ) and taking r eff → ∞ (with θ c → π 2 ), we see that the formula (4.8) recovers the conventional result of light bending [21] 
Hence, the size of the total deflection angle is
we see that the dark energy contribution always tends to cancel the matter contribution to the deflection angle α , and will produce a deficit as compared to the conventional lensing prediction without dark energy.
As an explicit demonstration, let us consider the cosmological constant model of dark energy. It corresponds to w = −1 and r o = 6/Λ in the gravitational potential (2.2). From Eq.(4.2), the lensing system in this case has a critical radius r cri = (3M /Λ) 1/3 . For the region within the effective radius r r eff ∼ r cri , the post-Newtonian approximation holds well. With Eq.(4.7), we compute the dark energy contribution to the deflection angle,
where
We further clarify the special limit of M → 0 . From the expression r cri = (3M /Λ) 1/3 , we find that the limit M → 0 leads to r eff ∼ r cri ∝ M ) , in which 1 + 1 3w > 0 holds at 12.7σ level as required by the existing observational data [15] . Hence, the zero mass limit M → 0 always enforces ∆α DE → 0 . This also agrees to our conclusion at the end of Sec. 3, and shows that our approach is fully consistent.
For the current case of single lensing and in the regions beyond the isolated lensing system with r 3 r 3 eff ∼ r 3 cri , the Newtonian potential becomes negligible, and we explicitly show in Appendices A.4 and C.2 that the spacetime geometry conformally recovers the FLRW metric with vanishing spatial curvature (K = 0), which will not change the deflection angle of the passing light ray. Hence, the total lensing effect of dark energy is given by Eq. (4.9).
From Eqs.(4.8) and (4.9), we further derive the ratio,
where n eff = r eff /r cri = O(1) . This means that when the lensing parameters (b, r eff ) are comparable to the critical radius r cri , the dark energy correction ∆α DE will be significant as compared to the matter contribution α M . Hence, for the case of b, r eff ∼ r cri , measuring gravitational lensing effect can directly probe the dark energy via its produced deficit in the Thus, from Eq.(4.9), we estimate the dark energy contribution, ∆α max DE n 2 eff ×(0.018 −8.5 ). This is already a significant effect, as we may recall that the conventional prediction of the matter-induced light bending through the sun is α = 1.75 [21] [10].
The current lensing experiments for galaxies at redshift z = 0.1 − 0.5 [22] [23] can measure the deflection angle to a relative accuracy of ∆α/α ∼ 5%, and measure ∆α ∼ 0.01 .
For galaxies or galaxy clusters at redshift z = 0.5 − 2 [24] [25] [26] , the current measurements can reach ∆α/α ∼ 5% and ∆α ∼ 0.05 . For the actual experimental measurements, a 5% accuracy of α is expected to be on the conservative side, as we will choose in Fig. 4 for comparison.
In passing, we also note that Ishak et al [16] independently considered some typical lensing systems with galaxy cluster masses M = (1.37 − 13. In Fig. 4 , we illustrate the dark energy contribution ∆α DE to the deflection angle α of the gravitational lensing. To be concrete, we realize the dark energy via cosmological constant. Plot (a) presents the ratio of ∆α DE over the matter contribution α M , while plot (b) depicts the relative ratio ∆α DE /α . Using Eqs.(4.9) and (4.10), we vary the ratio n eff = r eff /r cri for the horizontal axis, and choose b/r cri = (0.3, 0.4, 0.5, 0.6) as the benchmark points, corresponding to the curves from bottom to top in each plot. For the shaded region of r eff /r cri < 0.3 , the matter sector could not well behave as an isolated gravitational system, so it will be excluded from the analysis. In the deflection region of 0.3 r cri r r eff , there is almost no matter distribution and the Newtonian potential of matter can be well approximated as generated by a point-like object. For instance, the Milky Way has its dark matter halo extended out to the galactocentric distance of ∼ 200 kpc [27] , which is about 0.2 r cri for r cri ≈ 10 3 kpc. So it is safe to choose a larger distance ∼ 0.3 r cri as the lower limit of effective radius r eff . In the deflection region of 0.3 r cri r r eff = O(r cri ), the effect of dark energy contribution may be extracted by subtracting the background of matter contribution. This subtraction does not depend on the detail of matter distribution since it behaves point-like. Taking an accuracy of 5% for the present lensing measurements, we see that in the region of n eff > 0.3, the predicted curves in plot (b) are mostly above the dashed black horizontal line (denoting the 5% accuracy), and are thus testable.
We note that the dark energy lensing effect (4.7) is fully expressed in terms of the dark energy parameters (w, r o ) besides the lensing parameters r eff and θ c = arccos(b/r eff ) .
Hence, Eq.(4.7) holds for both the cosmological constant model (w = −1) and other dark energy models, such as the quitessence model (−1 < w < − ) and the phantom model (w < −1). Thus, making precision lensing measurements is important for probing the dark energy contribution ∆α DE to the deflection angle, and for further discriminating dark energy models with different values of the state parameter w . Eq.(4.7) shows that for a given gravitational lensing system, the dark energy correction ∆α DE is fully determined by the two generic parameters (w, r o ). So it is possible to fit (w, r o ) from analyzing the variation of luminance or distortion of the 2d image of background light sources due to the concave lensing of dark energy. With extracted information about the state parameter w , we could identify the proper model of dark energy. The current telescopes appear sensitive to probing this parameter via gravitational lensing.
Light Orbital Equation with Generic State Parameter w
In this section, considering a gravitational lensing system of total mass M (with a pointlike spherical mass-distribution), we first derive the light orbital equation for dark energy models with a generic state parameter w in the SdSw spacetime. For the special case of the cosmological constant model of dark energy (w = −1), it reduces to the light orbital equation in the familiar SdS spacetime. At the end of this section, we also clarify the difference of our approach from the literature concerning the light bending effect induced by Λ .
From the metric (A.18) in Appendix A.1 and using the null geodesic condition dS 2 = 0 , we derive the following light orbital equation with a generic state parameter w , du dφ
for θ = π 2 . In the above, u = 1/r, b = L/E , b is the impact parameter, and E and L are total energy and angular momentum, respectively. We will give the derivation of Eq. (5.1) in Appendix B. The cosmological constant model of dark energy predicts w = −1 , and in this case our lensing system corresponds to the SdS spacetime. We note that for w = −1, the last term on the right-hand-side of Eq.(5.1) becomes a pure constant, independent of r .
Thus, we can reexpress Eq.(5.1) as follows, du dφ
where the last term on the right-hand-side vanishes for the cosmological constant dark energy (w = −1), and gives nonzero r-dependent contribution for other dark energy models with w = −1.
From Eq.(5.1), we can derive a second-order ordinary differential equation (ODE), 
which agrees to [9] and happens to take the same form as the conventional light orbital equation with Λ = 0 .
But, the original orbital equation (5.1) (which is the first-order ODE) does depend on the dark energy term even for the case of w = −1 ,
It may be rewritten as [28] , 
Conclusions
The mystery of dark energy poses a great challenge to modern science. Various on-going and future experiments [2] are making enormous efforts to probe the origin and nature of dark energy. In this work, we showed that gravitational lensing can serve as an important tool for direct probe of dark energy at astrophysical scales. For an isolated astrophysical system (such as the galaxy or galaxy cluster), we derived a general form for the repulsive potential of dark energy with a generic equation of state parameter w , and computed its direct lensing effect under the post-Newtonian approximation. We demonstrated that the dark energy acts as a concave lens, contrary to the convex lensing effect of both visible and dark matter. Hence, measuring this concave lensing effect can directly probe the existence and nature of dark energy.
In section 2, under the post-Newtonian approximation, we presented the repulsive powerlaw potential (2.2) for dark energy, containing a generic equation of state parameter w which can describe various dark energy models. This is derived in the Schwarzschild-de Sitter spacetime with general w (denoted as SdSw metric). Then, in section 3, with the potential (2.2), we derived the dark energy contribution ∆ α DE to the deflection angle α of a gravitational lensing system in Eq.(3.10). We further proved in Eq.(3.12) that this deflection always takes opposite sign to the matter contribution α M along any given direction. Hence, the dark energy effect always acts as a concave lens, in contrast with the conventional matter effect, as shown in Fig. 2 and Fig. 3 .
In section 4, for a general state parameter w , we derived the critical radius r cri in Eq.(4.2), at which the dark energy force balances the Newtonian attraction. For a given gravitational lensing with mass M , we imposed the matching condition (4.3) and deduced its effective radius r eff in Eqs.(4.4) and (4.6) , which defines this lens as an ideal isolated system. Eq.(4.6) explicitly shows r eff = O(r cri ) . Then, we computed the size of the dark- ) (with 1+ 1 3w > 0 ), which increases with the lensing mass M and consistently vanishes in the zero-mass limit M → 0 . We explicitly derived the prediction of ∆α DE in Eq.(4.9) for the cosmological constant model of dark energy (w = −1). We computed the ratio between the dark energy and matter contributions to the deflection angle in Eq.(4.10). In Fig. 4(a)-(b) , we presented the relative ratios ∆α DE /α M and ∆α DE /α , as functions of the effective radius r eff (in unit of r cri ) and for different benchmarks of the lensing parameter b . We estimated this dark energy lensing effect and found that the current gravitational lensing experiments are already sensitive to the direct probe of dark energy. In section 5, for an isolated lensing system, we presented a new orbital equation (5.1) [or (5.2)] of light rays including the generic state parameter w , and discussed its implication for the observations. We gave a systmetical derivation of Eq.(5.1) in Appendix B. We showed in Appendix C.1 that the cosmic expansion effect is negligible within a lensing system at typical astrophysical scales. Finally, we conclude that in general it is important to make the precision measurements on the dark-energy-induced deflection effect (4.7) via astrophysical gravitational lensing, which could directly probe the nature of dark energy and further discriminate the equation of state parameter w among different dark energy models.
A Dark Energy Potential and Dark Energy Models
In Appendix A.1, we first use Einstein equation to derive the generic dark energy potential (2.2) for an isolated astrophysical system. Then, we discuss its connection with the typical dark energy models [11] , in Appendix A.2-A. 4 , including the phantom model, the quintessence model, and the cosmological constant model. In Appendix A.4, we will further show that in the regions beyond the isolated lensing system with r 3 /r 3 cri 1 , the Newtonian potential becomes negligible, and the spacetime geometry reduces to the de Sitter metric which con-formally recovers the flat FLRW metric with vanishing spatial curvature (K = 0). So the region r 3 /r 3 cri 1 will not change the deflection angle of the passing light ray.
A.1 General Gravitational Potential Including Dark Energy
The static and spherically symmetric spacetime can be described by the following form,
where A = A(r) and B = B(r) are radial functions. For conventions, we choose the Minkowski metric η µν = η µν = diag(1, −1, −1, −1), and set the constants G = h = c = 1 throughout as mentioned above Eq.(2.2). Thus, the Einstein equation [21] takes the form
where the energy-momentum tensor T µν contains contributions from both matter and dark energy. We can use the metric (A.1) to express the Einstein equation (A.2) as follows,
where A = dA(r)/dr and B = dB(r)/dr .
The condition of linearity and additivity requires T t t = T r r [29] , which leads to A+B = constant. Here, one can fix the gauge of A + B = 0 for the static coordinate system without losing generality, since the constant factor can be absorbed by a proper rescaling of time.
Setting B = − ln(1+F ), we have the following,
The condition of linearity and additivity means that the linear sum of the possible solutions of F is still the solution of Eqs.(A.6)-(A.7).
For the dark energy models, the equation of state parameter w is a constant and
. The pressure p , the energy density ρ , and the state parameter w are connected by
We can express the energy-momentum tensor for dark energy as follows [29] ,
where β will be determined by the dark energy spacetime. We see that the space-component is proportional to the time-component. Averaging over the angles gives,
where r i r j = 1 3 δ i j r n r n [29] . The above formulas could include matter contribution with
, which has no contribution to (p, w) for r = 0 .
Using the condition of linearity and additivity can fix the parameter in Eq.(A.10), β = −(3w+1)/(6w), which leads to [29] T t t = T r r = ρ , (A.12)
Combining Eqs.(A.6)-(A.7) with the expressions (A.12)-(A.13) leads to the equation,
which has the following solutions,
where r o and r g are the integral constants serving as the normalization scale-factors. Thus, the sum of the above solutions F = F N + F DE ≡ 2Φ is also the solution due to the linearity and additivity. Hence, we can express the metric parameters A = −B = ln(1+F ) = ln(1+2Φ)
as follows, 
with the gravitational potential Φ = Φ N + Φ DE ,
The above spacetime metric (A.18) reproduces Eq. 18)-(A.19) give the following Newtonian gravitational force and dark energy force,
where the current data [15] requires 3w + 1 < 0 at 12.7σ level and 3w + 2 < 0 at 6.1σ level.
Hence, the dark energy force is always repulsive and increases with distance r . Requiring the cancellation between the Newtonian and dark energy forces F = 0 , we derive the critical radius,
This reproduces Eq.(4.2) in Sec. 4. At the scale of r r cri , the matter contribution is larger than that of dark energy, and the matter distribution has significant structures. Thus, at such scales, the cosmological principle no longer holds and the FLRW metric is not a valid description of the spacetime. This means that for r r cri , it is not justified to use FLRW metric with matter density treated as small perturbation. As we demonstrated above, for the scale r r cri , the spacetime geometry is best described by the SdSw metric (A.18) [or (2.1)]
with the gravitational potential (A.19) [or (2.2)]. On the other hand, with the key concept of critical radius (A.21), we should define the (large) cosmological scale as r 3 r 3 cri , at which the cosmological principle will be realized. With the astronomical data, we may estimate the maximal critical radius r max cri for the galaxy cluster with the largest mass M max , which sets the lower limit on the cosmological scales.
For the matter part, we have the conventional Poisson equation,
where the pressure p M is negligible compared to the energy density ρ M .
With Eqs.(A.12)-(A.13), the energy-momentum tensor of dark energy takes the following form, 
A.2 Phantom Model
In the phantom model, the equation of state parameter w p is a constant with w p < −1 . The pressure p p , the energy density ρ p , and the state parameter w p are given by 
A.3 Quintessence Model
In the quintessence model, the pressure p q , the energy density ρ q , and the state parameter w q are expressed as follows,
where V (φ) is the potential of quintessence field.
After exchanging ρ q with −p p , and p q with −ρ q , and following the above derivation, we have
For the quintessence spacetime, the state parameter w q is a constant within the range −1 < w q < − 
with the scale factor r o = 6/Λ , which is consistent with [17] [18].
For the cosmological constant model of Λ > 0 , the generic spacetime metric (A. 18) reduces to the SdS geometry, 3
In Sec. On the other hand, the flat FLRW spacetime corresponds to the FLRW metric with spatial curvature K = 0 , where the cosmological expansion effect becomes negligible so that a(τ ) constant. In fact, for the analyses at astrophysical scales (such as galaxies or galaxy clusters), it is well justified to treat a(τ ) constant for the data fitting [22] [23], as we will further explain in Appendix C.1. Comparing Eq.(A.39) with Eq.(A.42), we see that at large scales with r 3 r 3 cri , the original SdS metric (A.38) becomes approximately equivalent to the FLRW metric (A.41) with K = 0 . Hence, the deflection angle (4.8)-(4.9) (generated in the lensing system r r eff ∼ r cri ) will not be affected when the light ray travels to the faraway region We note that the conventional lensing analyses [4] choose the FLRW metric with matter density treated as small perturbation. The observational data show that the FLRW metric is nearly flat (K 0), while the matter perturbation only generates the Newtonian deflection.
So, for the region with r 3 /r 3 cri 1 , it is clear that the light bending effect of the cosmological constant Λ is either absent or negligibly small due to the flatness of the FLRW metric, as often found in the literature [8] . On the other hand, people usually restrict the deflection region to be nearby the immediate neighborhood of the matter distribution (with r r cri ), rather than the effective region 0.3r cri < r < r eff ∼ r cri (as we studied in Sec. 4 and Fig. 4 ). This is another reason that some literature [8] found the Λ bending effect to be vanishing or negligible nearby the matter distribution. The similar point was also clarified before by
Ishak, Rindler and Dossett [17] .
Before concluding this Appendix, we note that the lensing effect of Λ on light bending was considered before via different approaches as reviewed by Ishak and Rindler [8] , who clarified some debates in the literature [9] [17][28] [32] [33] [34] [35] . A main cause of the debates is the lack of a consistent approach which could treat the lensing system as a well-defined isolated system characterized by its critical radius r cri (rather than by the radius of the matter distribution of the lens). It was not well realized that within this isolated system, the matter potential and dark energy potential should be treated on equal footing and solved together from the Einstein equation under SdS metric (rather than the nearly flat FLRW metric of large cosmological scales); while for regions outside this system with r 3 /r 3 cri 1 , the spacetime reduces to the de Sitter metric and conformally recovers the FLRW metric (with K = 0). Our approach provides an independent and conceptually clean resolution to this issue, which also favors Ishak and Rindler [8] .
In the following, we give some further clarifications on the literature, making it clear that these do not affect our independent and self-contained approach. (i). Islam [32] noticed that Λ does not modify the light orbital equation (5.4) (a second order ODE) and thought that Λ does not affect light bending. Then, Rindler and Ishak [9] first found that Λ can still generate light bending via the metric itself although Eq.(5.4) does not depend on Λ . Ref. [28] further noted that the light orbital equation in its form of the first-order ODE (5.5) does contain an explicit Λ term, but it could be absorbed into the definition of an effective impact parameter B so that (5.5) takes the form (5.6). This seems to make the Λ effect not directly testable. They also made the thin lens approximation to absorb the Λ effect into angular diameter distance via B ≈ D CO θ . But this thin lens relation does not generally hold when θ c is significant (cf.
our Fig. 2 ). We point out that B could make a sense as an effective impact parameter only for the special case of w = −1 and point-like light source. For all dark energy models with 12M , which diverges as M → 0 and appears inconsistent with the weak deflection assumption. As we clarified at the end of Sec. 3 and in the paragraph below Eq.(4.9), the deflection ∆α DE consistently vanishes in the limit M → 0 , as expected. (iv). In the lensing system of r r cri , the matter contribution is larger than that of dark energy, and the matter distribution has significant structures. Hence, the cosmological principle no longer holds at such scales and here the FLRW metric is not a valid description of the spacetime. This means that for r r cri , it is not justified to use FLRW metric with matter density treated as small perturbation. As shown in Appendices A.1 and A.4, the spacetime geometry in the region r r cri is best .2) (including the special case w = −1 ), the Newtonian force and the dark energy force (rather than their potential terms) exactly cancel at the critical radius r cri . Hence, the boundary of an isolated lensing system should be correctly characterized by the effective radius around its critical radius, r eff ∼ r cri . (vi). In the literature [35] , it is sometimes argued that the cosmological comoving observer has a local Hubble velocity v L H D L (with D L the luminosity distance from the observor), which causes an aberration factor to the deflection. In fact, the Hubble velocity is not a real physical velocity, and does not apply to the aberration equation. It is just an apparent velocity and is solely determined by the expansion factor a(t), so it is a cosmological expansion effect. The factor a(t) causes no visible effect on the deflection, especially the ratio ∆α DE /α M [17] , because the expansion is conformally flat for K 0 , as discussed around Eqs.(A.39)-(A.42).
C Analyses within and outside the Lensing System
In this Appendix, we first show that the cosmic expansion effect is negligible for a lensing system at typical astrophysical scales. Then, we will prove the approximate conformal flatness of the SdSw metric in the region r 3 /r 3 cri 1 .
C.1 Cosmic Expansion Factor is Nearly Constant at Astrophysical Scales
In the following, we show that for a lensing system at typical astrophysical scales (such as galaxies or galaxy clusters), the cosmic expansion factor is nearly constant. Although this is a known fact, it useful to explicitly clarify it here for supporting the current formulation.
For a given astrophysical object, its luminosity distance from us as the observer is denoted as D L , and its size is denoted as ∆D L . According to the Hubble Law, we have
where the v L is the velocity along the sight direction, the z is the cosmological redshift. 
